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Abstract. We introduce non-commutative degenerations of elliptic curves
over local fields. Corresponding objects are close relatives of non-commutative
tori of Connes and Rieffel.
1 Introduction
Let X be an analytic space over a local field (C, R or Qp), and G be a group
acting freely on X . If the action is not discontinuous the quotient X/G is
not an analytic space. Nevertheless one can define the “category of coher-
ent sheaves on X/G” (notation Coh(X/G)) as the category of G-equivariant
coherent sheaves on X . A typical example studied in this paper is X = C∗
and G = qZ acting by dilations z 7→ qnz. If |q| 6= 1 the quotient C∗/qZ is
an elliptic curve. If |q| = 1 the quotient is not even a Hausdorff space. In
either case the category Coh(X/G) is equivalent to the category of certain
modules over the cross-product of the algebra O(C∗) of analytic functions
and the group algebra of qZ (see Section 3). According to the philosophy of
non-commutative compactifications proposed in [So1] the compactification of
the moduli space of elliptic curves should also contain objects corresponding
to the case |q| = 1. They can be viewed as non-commutative degenera-
tions of ordinary elliptic curves and called non-commutative (or quantum)
elliptic curves. They also can be called analytic quantum tori because in
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non-commutative geometry C∞-versions of these objects are called quantum
or non-commutative tori. The latter were introduced by Alain Connes and
studied by Connes and Marc Rieffel in the early 80’s (see for ex. [Co]).
Elliptic curves (commutative or not) can be viewed as q-difference analogs
of analytic vector bundles with flat connections. In this sense they are a
special case of holonomic q-D-modules (cf. [Sab]). There is a vast literature
on q-difference equations. It is mainly devoted to the case |q| 6= 1.
From the point of view of non-commutative geometry our non-commuta-
tive elliptic curves are “bad” quotients. On the other hand, a complex ellip-
tic curve is a C∞-manifold (2-dimensional torus) equipped with a complex
structure. Hence one has another degeneration: complex structure degener-
ates into a foliation. The corresponding categories of vector bundles which
carry a flat connection were studied in [So1]. It would be interesting to make
more precise the relationship between our non-commutative elliptic curves
and quantum tori from [So1]. We remark that the picture of [So1] does
not have a p-adic analog, while non-commutative elliptic curves exist over
non-archimedean local fields as well.
About the contents of the paper. In Section 2 we prove a theorem char-
acterizing algebraically the category of coherent sheaves on certain quotients
of Stein varieties. In Section 3 we define degenerate elliptic curves (there
|q| = 1). This includes both analytic and formal versions. In particular, in
Section 3.2 we revisit the results of [BG] concerning the formal case. We
compute their Picard groups and obtain some results about irreducible ob-
jects in the category of coherent sheaves. We also discuss the analog of the
uniformization of an elliptic curve by a complex line. Using this picture we
define the moduli space of non-commutative elliptic curves and prove the ana-
log of Rieffel’s theorem about SL2(Z)-action on the moduli space of quantum
tori. Our approach should work in the case of abelian varieties as well. In
this case we expect that the analog of the Rieffel-Schwarz theorem holds (see
[RS]). The reader will notice that in Section 3 we do not distinguish between
ordinary and degenerate elliptic curves calling all of them non-commutative.
In the last Section 4 we sketch the case of non-arhimedean quantum tori.
There is an evidence that using the ideas of [KoSo1] one can apply them to
quantization of hyper-Ka¨hler manifolds.
We do not discuss in the paper the general philosophy of non-commutative
compactifications as well as various connections and ramifications of this
concept. Interested reader can consult with [So1]. There are many specula-
tive relations of non-commutative compactifications with some structures in
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number theory, dynamical systems and physics (for ex. with [BDar], [CDS],
[De1-2], [Mo1-2]). We hope to address some of them in the future.
Acknowledgements. We thank to Ofer Gabber, Victor Ginzburg, Maxim
Kontsevich, Yuri Manin, for interesting discussions. Both authors are thank-
ful to IHES for hospitality and excellent reasearch atmosphere. Y.S. grate-
fully acknowledges financial support him as a Fellow of the Clay Mathematics
Institute.
2 Coherent sheaves on elliptic curves
Let K be a either a field of complex numbers or non-archimedean field, q ∈
K∗, |q| < 1. Recall that the smooth analytic space Eq(K) = Gm(K)/qZ =
K∗/qZ is an elliptic curve (in particular it is an algebraic variety). We denote
by Coh(Eq) the category of algebraic coherent sheaves on Eq. Since Gm(K) =
K∗ is an analytic space we have a sheaf of analytic functions OK∗ , and
the category of analytic coherent sheaves Coh(K∗). The natural projection
π : K∗ → Eq gives rise to a faithful exact functor (pull-back) π∗ : Coh(Eq)→
Coh(K∗). The image Cq = π∗(Coh(Eq)) is the category of qZ-equivariant
analytic coherent sheaves on K∗.
The following proposition is well-known (see [Ki] for non-archimedean
version).
Proposition 1 If F ∈ Coh(K∗) then H i(K∗, F ) = 0 for i > 0, and each
Fx, x ∈ K∗ is generated by H0(K∗, F ).
In particular the functor φ : V 7→ H0(K∗, π∗(V )) is faithful and exact
from the category Coh(Eq) to the category of modules over the algebra A
an
q
generated by the analytic functions f ∈ O(K∗) and the invertible generator ξ
such that ξf(z) = f(qz)ξ for all z ∈ K∗. Indeed the space of global sections
of an equivariant sheaf on K∗ gives rise to an Aanq -module. Notice that
Aanq contains two commutative subalgebras: the algebra O(K∗) of analytic
functions and the algebra K[qZ] := K[ξ, ξ−1].
The aim of this section is to prove the following result.
Theorem 1 The functor φ provides an equivalence of Coh(Eq) with the cat-
egory Bq of such Aanq -modules M that M is finitely presentable over O(K∗),
i.e. there exists m,n > 0 and an exact sequence of O(K∗)-modules
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On(K∗)→ Om(K∗)→M → 0.
This theorem can be generalized to abelian varieties, and furthermore
to certain class of Stein spaces. We would like to state and prove such a
generalization.
Let X be a Stein space over K, and G be a group freely acting on X .
We assume that X/G is a projective algebraic variety and the pull-back
π∗(OX/G(1)) is a trivial analytic line bundle on X (here π : X → X/G is
the natural projection). The functor π∗ gives rise to an equivalence of the
category Coh(X/G) of algebraic coherent sheaves on X/G and the category
CohG(X) of G-equivariant analytic coherent sheaves on X . The functor of
global sections ΓX : F → Γ(X,F ) is an exact functor from CohG(X) to the
category of modules over the algebra O(X,G) := O(X)⋊ G (cross-product
of G and the algebra of analytic functions O(X)). We would like to describe
the image of Coh(X/G) under the functor φ = ΓX ◦ π∗. In order to do that
we introduce the category BG(X) of O(X,G)-modules M which are finitely
presentable over O(X). This means that there exist m,n > 0 and an exact
sequence of O(X)-modules
On(X)→ Om(X)→M → 0.
Theorem 2 The functor φ gives rise to an equivalence of categories
Coh(X/G) ≃ BG(X)
Clearly the previous theorem follows from this one for X = K∗, G = Z
acting by n(x) = qnx, n ∈ Z, x ∈ K∗.
Proof. The proof will consists of several steps.
Step 1. Let us check that if F ∈ Ob(Coh(X/G)) then φ(F ) ∈ Ob(BG(X)).
It follows from the Serre’s theorem that there exist vector bundles W1,W2
and a morphism W1 → W2 → F → 0. Moreover, we can choose Wk =
⊕iO(mi), k = 1, 2.
Pulling back Wi, i = 1, 2 to X we get a G-equivariant analytic bundles
π∗(Wi), i = 1, 2 and G-equivariant analytic coherent sheaf π
∗(F ). The func-
tor φ is exact as the composition of two exact functors (ΓX is exact because
X is Stein). Thus we have an exact sequence of O(X)-modules
φ(W1)→ φ(W2)→ φ(F )→ 0.
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By our assumption the pull-backs of the sheaves OX/G(l), l ∈ Z are trivial
analytic vector bundles on X . Hence φ(Wi), i = 1, 2 are free O(X)-modules
of finite ranks. It follows that φ(F ) is an object of the category BG(X).
Step 2. Observe that if F 6= 0 then φ(F ) 6= 0. Indeed, π∗(F ) 6= 0 because
π∗ is a faithful functor. Since X is Stein the sheaf π∗(F ) is generated by
its global sections which is φ(F ). Hence if φ(F ) = 0 then F = 0. Similarly
one proves that if f : V → W is a non-trivial morphism of coherent sheaves
on X/G then φ(f) 6= 0. Indeed, consider the subsheaf Im(f) of W . Then
π∗(Im(f)) is generated by Γ(X, π∗(Im(f))) ≃ Im(φ(f)).
Thus we have proved that φ : Coh(X/G) → BG(X) is an exact faithful
functor.
Step 3. We would like to prove that any object of BG(X) is isomorphic
to some φ(F ), F ∈ Coh(X/G).
Let M be an object of the category BG(X). Then for some m,n > 0 we
have an exact sequence of O(X)-modules
On(X)→ Om(X)→M → 0.
We consider the localization functor M 7→ M˜ := OX ⊗M , where OX is
the sheaf of analytic functions on X . The localization functor is not faithful
on finitely generated modules. It is easy to construct an example of a module
V 6= 0 such that V˜ = 0. Nevertheless we have the following result.
Lemma 1 The localization functor gives rise to an equivalence of the cat-
egory of finitely representable O(X)-modules and the full subcategory of co-
herent sheaves whose objects are sheaves isomorphic to coker(OnX
f→ OmX) for
some n, m and f .
The inverse functor ΓX associates to a sheaf F the O(X)-module of its
global sections.
The lemma follows from the exactness of the localization functor and the
functor ΓX and from fact that O˜n(X) = OnX , ΓX(OnX) = On(X).
Returning to the proof of the theorem we see that
ΓX(F˜ ) = F
for any F ∈ Coh(X/G). Summarizing, we have constructed an exact fully
faithful functor φ between the categories in question. This completes the
proof. 
We do not know whether Theorem 2 holds without the assumption of
triviality of the pull-back of OX/G(1).
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3 Elliptic curves for |q| = 1
3.1 Category Bq
Let K be either the field C or a non-archimedean local field. Let X be Stein
space over K, O(X) algebra of analytic functions on X , G a group acting
freely on X .
Definition 1 The category of coherent sheaves on the non-commutative space
X/G is defined as a category of modules over the cross-product algebra O(X)⋊
G which are finitely presentable over O(X).
From the point of view of this definition one should not distinguish be-
tween “good” and “bad” quotients. They all are non-commutative spaces.
Let us assume that K = C. We will use the above definition in two cases:
X = C∗, G = qZ and X = C, G = Z ⊕ Z with the natural actions of G (by
dilations in the first case and by shifts by the lattice in the second one). In
this section we will study the case |q| = 1 or when the action of the lattice
on C is not discontinuous.
By the very definition the category B1 is the category of coherent sheaves
on C∗, whose space of global sections is finitely presentable over O(C∗),
endowed with an automorphism.
It is likely that the category Bq is also equivalent to the latter, provided
that q is a root of unity. We do not prove this fact here1 and will not use it.
From now on we assume that |q| = 1 and q is not a root of 1. We start
with the following lemma.
Lemma 2 Let V ∈ Ob(Bq). Then the corresponding coherent sheaf V˜ is free
of finite rank.
Proof. The sheaf V˜ is isomorphic to coker(On
C∗
f→ Om
C∗
) for some n, m
and f . Let k be the maximal rank of fx : C
n → Cm for x ∈ C∗ and S be the
subset of C∗ where the rank is strictly smaller the k. Since S is contained in
the set of zeros of a holomorphic function on C∗ (a minor of the matrix f),
it is discrete. On the other hand, S must be Z-invariant. Hence S is empty
i.e. V˜ is a vector bundle. It remains to observe that any holomorphic vector
bundle on C∗ is trivial.
1Reader may wish to look at the beginning of Section 3.2 where a similar result is
proven.
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Proposition 2 The category Bq is abelian for all q 6= 0.
Proof. For any object V of Bq we have the corresponding coherent sheaf
V˜ on C∗. If f : V → W is a morphism in Bq then K˜er(f) and ˜Coker(f)
are coherent sheaves. According to the previous lemma they are both free
sheaves of finite rank. Hence the spaces of sections Ker(f) and Coker(f) are
Aanq -modules which are of the type Op(C∗) as O(C∗)-modules. Hence they
belong to Bq. 
Let K(C∗)mer be the field of meromorphic functions on C
∗. Then we have
a functor µ : V 7→ V ⊗O(C∗) K(C∗)mer from the category Bq to the category
of finite-dimensional K(C∗)mer-vector spaces.
Proposition 3 The functor µ is fully faithful.
Proof. Every object of Bq gives rise to a coherent sheaf on C∗. Hence it
suffices to prove the corresponding statement for coherent sheaves. It is easy
to see that if V 6= 0 then µ(V ) 6= 0 (otherwise V is a torsion analytic sheaf
which is qZ equivariant. This is impossible because orbits of the qZ-action
are dense in circles |z|=const). Applying this observation to the kernel of a
morphism we see that µ is a monomorphism on morphisms. 
Notice that the functor ξ is not fully faithful in the case |q| 6= 1: it kills
all torsion sheaves.
Remark 1 The above results hold for K = Qp as well.
Proposition 4 Suppose that q does not satisfy the Liouville property, i.e.
there exists L > 0 such that |qn − 1| = O(n−L). Then the Picard group (i.e.
the of isomorphism classes of objects of Bq which are rank one modules over
O(C∗)) is isomorphic to an extension of Z by C∗/qZ.
Proof. Let A = O(C∗). Then A is a Z-module: the generator 1 ∈ Z
sends f(z) to f(qz). Clearly the Picard group is isomophic to H1(Z, A∗).
The proposition follows easily from the exact sequence
0→ Z→ A exp−→ A∗ v−→ Z→ 0
(here v(f) =
∫
d log f = 0 where the integral is taken over any small circle
around z = 0) and from the following lemma
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Lemma 3 Suppose that q does not satisfy the Liouville property. Then
H1(Z, A) = C
Proof. Let g(z) =
∑+∞
−∞ gnz
n. If g0 = 0 then the equation g(z) = a(qz)−
a(z) has a solution a(z) =
∑+∞
−∞ anz
n, where a0 = 0, an = gn/(q
n− 1), n 6= 0.
If q does not satisfy the Liouville property the series converges. 
Remark 2 It follows from the proof above that for any q, which is not a root
of 1 there is a canonical surjective homomorphism:
deg : Pic(Bq)→ Z
The number deg(V ) is called the degree of the object V .
It is an interesting problem to describe simple objects of the category
Bq, |q| = 1. In the case |q| 6= 1 it is equivalent to finding all irreducible
sheaves on the elliptic curve Eq. They correspond to points of Eq (torsion
sheaves). A vector bundle is not a simple object in the category of coherent
sheaves. The situation changes in the case |q| = 1. It follows from Lemma 3
that if |q| = 1 and q is not a root of 1, there are no “torsion sheaves” at all.
On the other hand, objects of rank 1 over O(C∗) are simple.
We are going to construct some simple objects of higher ranks. For general
q and s with sn = q we have the obvious n-sheets coverings fn : C
∗/sZ →
C∗/qZ and gn : C
∗/qZ → C∗/sZ. The coverings give rise to the functors
fn∗, g
∗
n : Bs → Bq , gn∗, f ∗n : Bq → Bs
Mimicking the usual construction one can define the above functors for
any q ∈ C∗. The functor fn∗ corresponds to the following homomorphism of
algebras
Aanq → Aans , f(z) 7→ f(zn), ξ → ξ,
while the functor g∗n corresponds to the homomorphism
Aanq → Aans , f(z) 7→ f(z), ξ → ξn.
The other two functors are defined as the tensor product Aanq ⊗Aans V ,
where in the case of fn∗ the A
an
s -module structure on A
an
q is given by the first
above homomorphism of algebras while in the case of g∗n it is given by the
second one. One can prove that pull-back and push-forward functors satisfy
the usual properties.
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Remind (see the proof of Proposition 4) that there is a canonical mor-
phism from O(C∗) to the Picard group of Bs. Given integers k and n with
n > 0 we denote by Pk,1 the rank one module corresponding to the function
zk and by Pk,n the push-forward fn∗Pk,1. The number k coincides with the
degree deg(Pk,n).
Lemma 4 Assume that |q| = 1 and q is not a root of unity. Then, for any
integer k and n > 0 such that (k;n) = 1, the module Pk,n is simple.
Proof. Assume the contrary, and choose a proper submodule W ⊂ Pk,n.
Consider the pull back f ∗n(W ) ⊂ f ∗n(Pk,n). It is easy to show that f ∗n(Pk,n) is
isomorphic to the direct sum of rank 1 objects of degree k, namely
f ∗n(Pk,n) = Pk,1 ⊗ (⊕µ, µn=1Aans /(ξ − µ)),
where as usual we denote by (ξ−µ) the right ideal generated by the expression
in the brackets.
Since all objects Pk,1⊗Aans /(ξ−µ) are simple and pairwise non-isomorphic
it follows that f ∗n(W ) is isomorphic to the direct sum of rank 1 objects of
the form Pk,1 ⊗ Aans /(ξ − µ). In particular, deg(det(f ∗n(W ))) = kl, where
0 < l = rk(W ) < n. On the other hand, deg(det(f ∗nW )) = deg(f
∗
n(detW )) =
n deg(detW ). This contradiction completes the proof.
Complete description of simple objects is not known.
Question 1 How to describe all simple objects of Bq in the case |q| = 1?
At the end of this subsection we will make few comments about the tensor
structure on the category Bq (for arbitrary ground fieldK). Let us fix q ∈ K∗.
Notice that the category of Aanq -modules is a K-linear symmetric monoidal
category. It follows from the interpretation of objects of Bq as coherent
sheaves that the tensor product of finitely presentable over O(K∗)− modules
is again a finitely presentable module. Hence Bq is a symmetric monoidal
category. It can be considered as a difference analog of the category of
analytic vector bundles on K∗ equipped with a flat connection.
3.2 Formal analog of the category Bq
Let F := C((z)) and R := C[[z]]. We denote by Balq the category of finite-
dimensional vector spaces over F equipped with a semi-linear automorphism
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ξ : V → V , ξf(z)v = f(qz)ξv . In other words, this is a category of finite-
dimensional representations of the algebra Aalq of non-commutative Laurent
polynomials F [ξ, ξ−1].
Lemma 5 Assume that q is a root of unity. Then the category Balq is equiv-
alent to the category of finite-dimensional F -vector spaces endowed with an
automorphism.
Proof. Assume that q is a primitive root of unity of order n (i.e. qn = 1
and qk 6= 1, for k < n). It is easy to see that the center of the algebra Aalq is
C((zn))[ξn, ξ−n] ⊂ F [ξ, ξ−1]. Localizing we make Aalq into a sheaf of algebras
over the Spec(C((zn))[ξn, ξ−n]) = Gm. One can easily check that A
al
q is an
Azumaya algebra over Gm. An object of Balq gives rise to a sheaf of modules
over the Azumaya algebra supported on a closed subscheme S ⊂ Gm finite
over Spec(F ) . The Brauer group of F is trivial. Hence the restriction of the
Azumaya algebra Aalq to the ind-scheme lim−→S (the limit is taken over all finite
closed subschemes S ⊂ Gm) splits, i.e. isomorphic to the matrix algebra. It
remains to notice that the category of modules over a split Azumaya algebra
is equivalent to the category of O-modules on the underlying scheme.
In what follows we assume that q is not a root of unity.
Following [BG] we call an object V of Balq integral if there exists aC[ξ, ξ−1]-
invariant R-lattice L ⊂ V . Integral objects form an abelian subcategory Bfq
of Balq . The following theorem was proved in [BG].
Theorem 3 The category Bfq is equivalent to the category of finite-dimensional
C∗/qZ- graded complex vector spaces endowed with a nilpotent operator which
preserves the grading.
Let us describe a construction of the equivalence functor. It is based on
the following easy lemma, proof of which is left to the reader.
Lemma 6 Let V be an object of Balq , L ⊂ V be a C[ξ]-invariant R-lattice
(we do not require L to be ξ−1-invariant), and P ⊂ L/zL := L be a C[ξ]-
invariant subspace such that for any eigenvalue α of ξ : P → P the number
qnα is not an eigenvalue of ξ on L for all n 6= 0. Then the embedding P →֒ L
has a C[ξ]-equivariant lifting P →֒ L.
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Given an object V of Bfq we can find a C[ξ, ξ−1]-invariant R-lattice L ⊂ V
such that the eigenvalues of ξ on L satisfy the property in the lemma.2 It
follows that V is isomorphic to L ⊗C F as a F [ξ]-module. The action of ξ
on L defines a C∗-grading (La := ker(ξ − a)n for large n). The latter gives
rise to a C∗/qZ- grading. Finally, we endow La with a nilpotent operator
log(a−1ξ). It gives rise to the equivalence functor.
Notice that the argument above shows that there is a functor from the
category Bfq to the category of finitely generated modules over the algebra
of non-commutative Laurent polynomials C[z, z−1, ξ, ξ−1] ⊂ Aalq . The latter
sends V to V˜ = L⊗C C[z, z−1].
Now we want to obtain a similar description of the whole category Balq .
We claim that for any object V of Balq , there exists an integer n such that
the pull back f ∗n(V ) is a direct sum of tensor products of integral objects and
one-dimensional ones. More precisely we have the following result.
Theorem 4 The category Balq is equivalent to the category of Q-graded ob-
jects of Bfq (i.e. each object of Balq is direct sum of Q copies of objects of
Bfq ).
Proof. Given a rational number λ = k
n
with n > 0, (n; k) = 1, k 6= 0
unless n = 1, we, first, construct a functor
Gk,n : Bfq → Balq
For this purpose we represent the category Bfq as a certain “tensor quo-
tient” of the category Bfs . Namely, consider the full subcategory E of Bfs ,
whose objects are Aals -modules isomorphic to A
al
s /(ξ − ν), where ν ∈ C∗ and
νn = 1. Notice that E is a Picard category i.e. a groupoid with a tensor
structure such that any object is invertible. Define the “tensor quotient”
Bfs /E to be the category whose objects are those of Bfs and morphisms be-
tween V and W are given by homomorphisms of Aals -modules V ⊗M → W
2To construct such a lattice L we can use the following procedure. First choose any
C[ξ, ξ−1]-invariant R-lattice L0. Assume, that it does satisfy the eigenvalues property:
numbers α and qnα are eigenvalues, for some α 6= 0 and n > 0. Let ⊕γ Lγ0 = L0 :=
L0/zL0 be the Jordan decomposition of L0 (i.e. (ξ − γ)NLγ0 = 0, for large N). Choose
a decomposition L0 =
⊕
γ L
γ
0
of the R-lattice which descends to the latter one modulo
zR. Put L1 :=
⊕
γ 6=qnα L
γ
0
⊕ z−1Lqnα
0
. It is easy to see that L1 is a C[ξ, ξ
−1]-invariant R-
lattice. If it still does not satisfy the property in the lemma we apply the above procedure
again to L1 and so on.
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where M =
⊕
{ν|νn=1}A
al
s /(ξ − ν). This is an abelian category. For any
object V of Bfs and E of E the object V ⊗ E is isomorphic to V . It is easy
to see that the functor
g∗n : Bfs /E → Bfq
is an equivalence.
Given an object V of Bfs /E we define Gk,n(V ) = fn ∗(V ⊗ Pk,1). (Recall
that Pk,1 stands for A
al
s /(ξ − zk)).
We claim that Gk,n extends to morphisms thus gives rise to a functor.
Indeed,
HomBalq (fn ∗(V ⊗Pk,1); fn ∗(W ⊗Pk,1)) = HomBals (f ∗nfn ∗(V ⊗Pk,1);W ⊗Pk,1)
Now the claim is an immediate corollary of the following formula:
f ∗nfn ∗(V ⊗ Pk,1) ≃ V ⊗ Pk,1 ⊗M (1)
We leave its proof to the reader.
Notice, that the latter argument also shows that the functor Gk,n is fully
faithful.
Next, we are going to show that the functor
⊕n,mGk,n :
⊕
k,n
Bfq → Balq
is an equivalence of categories.
First, let us prove that the functor is fully faithful. Indeed, it remains to
show that
HomBalq (Gk,n(V ), Gk′,n′(W )) = 0
unless n = n′ and k = k′. Notice, that the group under consideration is a
subgroup of
Hom(f ∗nn′fn∗(Pk,1 ⊗ V ); f ∗nn′fn′∗(Pk′,1 ⊗W ))
The formula (1) easily implies that the latter is trivial.
It remains to show that the image of ⊕n,kGk,n is Balq .
Proposition 5 For any object V of Balq there exists n > 0 such that f ∗n(V )
is a direct sum of Aalq /(ξ − azk)l where k, l > 0 are integers and a ∈ C.
Proof. We start with the following lemma.
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Lemma 7 All one-sided ideals of Aalq are principal.
Proof of the Lemma. For an element X ∈ Aalq , X = alξl + ... + amξm with
al, am 6= 0 we define s(X) = m− l. It is easy to see that Aalq is an Euclidean
domain relative to the function s(X).
It follows that any finite-dimensional Aalq -module is a direct sum of cyclic
ones (i.e. those generated by a single element). Hence, it is enough to prove
the proposition for V = Aalq /(X), where X ∈ Aalq . We will do it by induction
on the dimension of V .
Without loss of generality we may assume thatX = cξl+al−1ξ
l−1+...+a0
where ai are Taylor series in z and c ∈ C∗. Notice that L := Im(R[ξ]→ V )
is a ξ-invariant R-lattice in V . If as(0) 6= 0, for some s, the element ξ induces
the operator ξ : L/zL → L/zL which is not nilpotent. Then we can make
use of Lemma 6 to reduce the dimension of V . In general, there exist integers
n and k such that c(zk/nξ)l+ al−1(z
k/nξ)l−1+ ...+ a0 = z
lk/n(c′ξl+ bl−1ξ
l−1+
...+ b0) with bi ∈ C[[z]] and bs(0) 6= 0, for some s, and we can apply Lemma
6 to P−k,1 ⊗ f ∗n(V ). This completes the proof of the proposition.
Returning to the proof of the theorem we notice that that the modules
Aalq /(ξ − azk)l are in the image of ⊕n,kGk,n. The second remark is that
the latter image is closed under the push-forward functor and under taking
subobjects.
Now, given an object V of Balq we choose n as in the proposition and
consider the canonical morphism
fn∗f
∗
n(V )→ V
It is easy to see that the morphism is surjective. Combining this with the two
observations above we see that V is in the image of ⊕n,kGk,n. The theorem
is proven. 
Remark 3 1) The argument given above is just a variant of Manin’s proof
of the Classification Theorem for Dieudonne modules (see [M4]).
2) One can compare our Theorem 4 with a well-known result from the
theory of D-modules which says that, for any vector bundle E with a connec-
tion on the punctured formal disk, the pull-back of E on some finite covering
of the punctured disk is a direct sum of tensor products of D-modules with
regular singularities (at the origin) and one-dimensional ones.3
3We could not find a reference for this result. We are grateful to Roman Bezrukavnikov
who explained it to one of us. He, in turn, refers to the lectures by Spencer Bloch at the
University of Chicago.
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Corollary 1 Any finite-dimensional Aalq -module is a direct sum of modules
of the type Aalq /(ξ
n − azk)l where n > 0, k, l > 0 are integers and a ∈ C∗.
Corollary 2 For any two complex numbers q and q′ (which are not roots of
1) the categories Balq and Balq′ are equivalent.
We would like to describe the relation between the category Balq and its
analytic counterpart Bq.
First, we construct a tensor functor
Balq → Bq (2)
In the process of proving Theorem 3 we observed that there was a func-
tor from the category Bfq to the category of finitely generated modules over
C[z, z−1, ξ, ξ−1]. Composing it with the tensor product with Aanq over the
subalgebra C[z, z−1, ξ, ξ−1] ⊂ Aanq we obtain the functor Bfq → Bq. It imme-
diately follows from Theorem 4 (and from the construction of the equivalence
given in the proof) that this functor extends to (2).
Assume that |q| 6= 1. It is easy to see that the image of (2) lies in the
subcategory Bun(E) ⊂ Bq of vector bundles on E := C∗/qZ.
Proposition 6 Assume that |q| 6= 1. Then functor Balq → Bun(E) induces
a bijection on the set of isomorphism classes of objects.
Proof. It follows from the classification of vector bundles on E obtained by M.
Atiyah that any indecomposable vector bundle is of the form Aanq /(ξ
n−azk)l
where n > 0, k, l > 0, (n, k) = 1, a ∈ C∗. Therefore, the functor induces a
bijection on the set of isomorphism classes of indecomposable objects. The
proposition immediately follows from this fact. .
It was shown in [BG] that the restriction of (2) to the subcategory Bfq gives
rise to an equivalence between the latter category and the tensor category of
semistable vector bundles on E := C∗/qZ of degree zero.
Of course the functor Balq → Bun(E) is not an equivalence, since Bun(E)
is not abelian.
We can reformulate Proposition 6 by saying that there is a bijection
between the non-abelian cohomology group H1(Z, GL(n, F )), F = C((z))
and the set of isomorphism classes of n-dimensional vector bundles on E.
Now, letG be any algebraic group overC. Using the Tannakian formalism
and Proposition 6 one can easily construct a map form H1(Z, G(F )) to the
14
set of isomorphism classes of principal G-bundles on E. We do not know if
it is a bijection.
According to [BG] this is true if restrict ourselves to the subset
Im(H1(Z, G(R)) → H1(Z, G(F ))), on the one hand, and semistable G-
bundles of degree zero, on the other hand.
If |q| = 1, we can not say much more about (2), except that in this case Bq
has more objects then its algebraic counterpart Balq . Probably the Corollary
2 is not true for Bq.
3.3 Uniformization by the complex line
We still assume that K = C. Complex elliptic curves can be also represented
as quotients C/L where L is a lattice in C. If L is not discrete then the
quotient can be considered as a non-commutative space. By definition (cf.
[M2]) a quasi-lattice in L ⊂ Cn is a free abelian subgroup of Cn of rank 2n.
If L is discrete in the standard topology then it is called lattice.
Let L ⊂ C be a quasi-lattice. We define the algebra CL as the cross-
product of the algebra of analytic functions O(C) and the group algebra
of L. It is generated by analytic functions f(z) and invertible generators
eλ, λ ∈ L subject to the relations
f1(z)f2(z) = f2(z)f1(z), eλeµ = eλ+µ, eλf(z) = f(z + λ)eλ.
We define the category DL as the category of CL-modules which are
finitely presentable over O(C). Let τ ∈ C \ Q, q = exp(2πiτ). Let us
consider a quasi-lattice Lτ = Z ⊕ Zτ. The corresponding non-commutative
elliptic curve will be denoted by Eτ .
Proposition 7 The categories DLτ and Bq are equivalent.
Proof. The category DLτ can be identified with the category of Lτ -
equivariant analytic coherent sheaves on C. Similarly the category Bq can be
identified with the category of analytic qZ-equivariant sheaves on C∗. Clearly
the category of sheaves are equivalent. 
3.4 Moduli space of quantum elliptic curves
Let K be a local field, as in Section 2.1, q ∈ K∗.
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Recall that the category Bq defines a non-commutative (or quantum) el-
liptic curve Eq. Of course, if |q| 6= 1 it is just the usual elliptic curve over
K. The question arises when two quantum elliptic curves should be called
equivalent. It is natural to expect (cf. [Ga]) that the equivalences are de-
fined by certain functors between the corresponding categories Bq. We do
not know such a definition in general. One of the reasons is lack of the
general theory of non-commutative analytic spaces. Existing results in non-
commutative algebraic geometry (see for ex. [KR]) are not sufficient for our
purposes. Hovewer, in the case K = C we can resolve the difficulty by using
the uniformization of elliptic curves by the complex line.
Definition 2 We say that that two non-commutative elliptic curves EL and
EL′ corresponding to the categories DL and DL′ are equivalent if there is
a continuous isomorphism of the algebras CL and CL′ (the topology on the
algebras is induced by the topology on the algebra of analytic functions O(C)).
Moreover we define groupoid of non-commutative elliptic curves putting
Isom(EL, EL′) to be the set of all continuous isomorphisms of the algebras
CL and CL′ modulo the group of inner automorphisms of CL.
Remark 4 The reader familiar with non-commutative geometry has noticed
that the relationship between the algebras CL and A
an
q is similar to the one
between the foliation algebra of a torus and the corresponding quantum torus
in [Co]. In particular CL gives rise to a generator-free description of non-
commutative elliptic curves.
Given a quasi-lattice L ⊂ C we define a group GL to be the subgroup of
C∗ consisting of all α ∈ C∗ such that L = αL.
Theorem 5 a) Non-commutative elliptic curves EL and EL′ are equivalent if
and only if L and L′ are similar (i.e. there exists α ∈ C∗ such that L = αL′).
b) Isom(EL, EL) is isomorphic to the semi-direct product (GL ⊲ C/L) ⊲
P ic(EL) (clearly C/L is a normal subgroup in GL, and Pic(EL) is a normal
subgroup in the semi-direct product of the other two groups).
Proof. The proof will consist of two steps.
i) It is easy to see that the group C∗L of invertible elements in CL consists
of products f(z)eλ, λ ∈ L where f(z) is an invertible analytic function.
Let WL be a vector space consisting of f ∈ CL satisfying the following
property: for any invertible a ∈ CL there exists a constant c such that
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afa−1 = f + c. Let us prove that such f = f(z) is a linear function of
z. Indeed if f =
∑
j fj(z)eλi , then taking a = eµ, µ ∈ L, we see that
the derivatives f ′j(z) are double-periodic analytic function on C (we do not
assume that the periods are linearly independent over R). Hence fj(z) are
linear functions in z.
Clearly i(WL) = WL′ . By composing i with an automorphism of CL we
can bring it to the form i(z) = αz and i(L) ⊂ L′, where α ∈ C∗. Since i is
continuous we have i(f(z)) = f(αz) for any f ∈ O(C).
Notice that eλze−λ = λ+ z. Since eλ is invertible we have i(eλ) = eλ′g(z)
for some invertible analytic function g(z) and λ′ ∈ L′. Then i(eλze−λ) =
λ+ αz. On the other hand it is equal to αλ′ + αz. It follows that αL = L′.
ii) We let the groups GL and C act on CL preserving the lattice L and
sending z 7→ αz , α ∈ GL and z 7→ z + c , with c ∈ C. It is easy to see
that the second automorphism is inner provided c ∈ L. It gives rise to an
injective homomorphism from from the semi-direct product GL and C/L to
Isom(EL, EL). As we have just proven, any automorphism of CL preserves
the subspace of linear in z functions. This implies that the image of the
latter homomorphism is a normal subgroup. Hence, it is enough to identify
the quotient with Pic(EL).
An element of the quotient can be represented by an automorphism i of
CL identical on the space of functions of z. We have i(eλ) = fλeλ, where fλ is
an invertible analytic function. It is easy to check that fλ define a 1-cocycle
of L with coefficients in O∗. If i is an inner automorphism, the cocycle fλ
is a coboundary. It gives rise to an isomorphism between the quotient and
H1(L;O∗) = Pic(EL). This proves the theorem. 
Corollary 3 Two non-commutative elliptic curves Eτ and Eµ are equivalent
iff τ = g(µ) for some g ∈ SL2(Z), where SL2(Z) acts on µ ∈ C \ Q by
fractional transformations.
It follows from the Corollary that the “moduli space” of non-commutative
elliptic curves can be identified with the quotient D/SL2(Z) where D = {z ∈
C| |z| ≤ 1} and SL2(Z) acts by fractional transformations. Naively, the mod-
uli space consists of the isomorphism classes of algebras CL together with the
equivalence classes of the categories Bq where q is a root of 1 (these cate-
gories are equivalent to B1). The action of SL2(Z) is not discontinuous on
the boundary circle ∂D. Hence the moduli space is itself a non-commutative
space. It can be described in terms of a cross-product algebra. The reader
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should compare Corollary 3 with the similar theorem of Rieffel about quan-
tum tori (see [RS] for the higher-dimensional case).
Remark 5 It follows from the Corollary that if τ ∈ Q(√d), where d ∈ Z is
square-free then the corresponding non-commutative elliptic curve has more
autoequivalences than a generic one. If d < 0 it is just an elliptic curve
with complex multiplication. It was speculated in [M2] that in the case d > 0
non-commutative tori can be used for a description of the maximal abelian
extension of Q(
√
d) (Stark conjectures).
Since our non-commutative elliptic curve can be defined not only over C,
the following questions look very interesting.
Question 2 Assume that we are working over the local field K as in the
Section 2.
1. When two categories Bq and Bq′ are equivalent?
2. What is the group of auto-equivalences of Bq?
We don’t know the answer even in the case K = C, |q| = 1.
For usual elliptic curves (i.e. |q| 6= 1) the answer is known thanks to the
following result.
Theorem 6 Assume that |q|, |q′| 6= 1. Then
a) The categories Bq and Bq′ are equivalent if and only if the corresponding
elliptic curves are isomorphic.
b) The group of auto-equivalences of Bq is generated by the group of au-
tomorphisms of the elliptic curve Eq = C
∗/qZ and Pic (Eq). The latter acts
on Bq sending a module V to V ⊗ L, where L ∈ Pic (Eq).
Proof.4 Notice that irreducible objects of Bq are skyscraper sheaves supported
at points of Eq. Therefore, an equivalence i : Bq → Bq′ gives rise to a bijection
i˜ between the points of Eq and Eq′ , which is a homeomorphism with respect
to the Zariski topology. Further, line bundles L on Eq can be characterised by
the property that dim(Hom(L, F )) = 1, for any skyscraper sheaf F . Hence
i induces a bijection between line bundles on Eq and Eq′. Therefore it is
enough to prove that if i(OEq) = OE′q then the functor i is induced by an
isomorphism of the ringed spaces. Let S ⊂ Eq(C) be a finite subset. We are
4The proof bellow has been explained to the authors by Dima Kaledin.
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going to construct a morphism of sheaves restricted to the complements of
S
i∗ : O(Eq \ S)→ O(Eq′ \ i˜(S)) (3)
Let CohS(Eq) be the category of coherent sheaves supported on S. The
quotient category Bq/CohS(Eq) is equivalent to the category of coherent
sheaves on Eq \ S. Furthermore O(Eq\S) can be identified with the ring of
endomorphism of the identity functor from Coh(Eq \ S) to itself.
The functor i induces an equivalence between CohS(Eq) and Cohi˜(S)(Eq′)
which, in turn, gives rise to an equivalence
i : Coh(Eq \ S)→ Coh(Eq′ \ i˜(S))
The latter defines the isomorphism (3). 
Corollary 4 If L is a lattice then the group Aut(DL) of autoequivalences of
the category DL is isomorphic to the group Out(CL) of outer automorphisms
of the algebra CL.
Question 3 Is the Corollary 4 true for a quasi-lattice L?
If the answer is positive, then we can say that two non-commutative
elliptic curves EL and EL′ are equivalent iff the correspodning categories DL
and DL′ are equivalent. This observation agrees with the Theorem 6.
3.5 Remark about higher genus curves
If a complex curve X has the genus g ≥ 2 it admits a universal covering by
the upper-half plane H . We have X ≃ H/Γ, where Γ ⊂ SL2(Z) is a Fuchsian
subgroup. Applying Theorem 2 we see that Coh(X) ≃ BΓ(H). Now, if we
consider a non-discrete embedding of Γ into SL2(Z), we define Coh(H/Γ) as
BΓ(H). Since the action of Γ is now ergodic, we conclude that all objects of
our category are free O(H)-modules. In other words, there are no non-free
coherent sheaves on degenerate curves. All the questions addressed above
to non-commutative elliptic curves can be addressed to non-commutative
complex curves of higher genus. Hopefully arising structures can be used for
algebraic study of Thurston boundary of Teichmu¨ller space.
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4 Non-archimedean quantum tori
This section is independent of the rest of the paper.
Let K be a non-archimedean local field, L is a free abelian group of
finite rank d, ϕ : L × L → K is a skew-symmetric bilinear form such that
|exp(2πiϕ(λ, µ))| = 1 for any λ, µ ∈ L. We denote by A(T (L, ϕ)) the algebra
of regular functions on the quantum torus T (L, ϕ)(see [So1]). Thus it is an
algebra with generators e(λ), λ ∈ L, subject to the relation
e(λ)e(µ) = exp(2πiϕ(λ, µ))e(λ+ µ).
There are various completions of A(T (L, ϕ)) which appear in the litera-
ture. In this section we will use the following one.
Definition 3 The space O(T (L, ϕ)) of analytic functions on the non-archime-
dean quantum torus consists of series
∑
λ∈L a(λ)e(λ), a(λ) ∈ K such that
|a(λ)| → 0 as |λ| → ∞ (here |(λ1, ..., λd)| =
∑
i |λi|).
Lemma 8 Analytic functions O(T (L, ϕ)) form a K-algebra.
Proof. We have (
∑
λ a(λ)e(λ))(
∑
µ b(µ)e(µ)) =
∑
ν c(ν)e(ν), where c(ν) =∑
λ a(λ)b(ν − λ)exp(2πiϕ(λ, ν − λ)). We need to prove that
maxλ,ν∈L|a(λ)||b(ν − λ)| approaches zero as |ν| → ∞. Since both functions
a(λ) and b(λ) are bounded on L we may assume that λ belongs to a finite
subset of L. Then |a(λ)||b(ν − λ)| ≤ const|b(ν − λ)| where λ ∈ L0, and L0 is
a finite set. Therefore |c(ν)| → 0 as |ν| → ∞. 
Let us fix an isomorphism L ≃ Zd and r = (r1, ..., rd) ∈ Rd>0. We
denote by O(T (L, ϕ); r) the space of series f = ∑λ∈Zd a(λ)e(λ) such that
|a(λ)|rλ → 0 as |λ| → ∞. Then O(T (L, ϕ); r) becomes a non-commutative
Banach K-algebra with the norm ||f || = maxλ|a(λ)|rλ. In the case ϕ = 0 an
epimorphic image of O(T (L, ϕ); r) in the category of commutative Banach
K-algebras is called an affinoid K-algebra (see [Be]). One can use non-
archimedean quantum tori in order to define a deformation of the sheaf of
analytic functions on the rigid analytic space obtained from degenerating
hyper-Ka¨hler manifolds in the spirit of [KoSo1]. To be more precise, such
a degenerating family defines a fibration over an affine manifold Y with
the fibers being tori (possibly degenerate on the codimension two subvariety
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Y sing ⊂ Y ). The sheaf of analytic functions is in fact the sheaf on the non-
singular part Y \ Y sing only. It is an open problem to define it on Y . One
can replace series in commuting variables xi, 1 ≤ i ≤ dimY by the series in
variables xi such that xixj = qxjxi. Then one obtains the deformation of the
sheaf OY . Details will appear in the paper of M. Kontsevich and the first
author.
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